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Smoothing Riemannian Metrics with Ricci 

Curvature Bounds^ 
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Abstract 

We prove that Riemannian metrics with an absolute Ricci curvature bound 



O ■ and a conjugate radius bound can be smoothed to having a sectional curvature 



bound. Using this we derive a number of results about structures of manifolds 
with Ricci curvature bounds. 



1 Introduction 



■ , A central theme in global Riemannian geometry is to understand the global geometric 

Q\ ' and topological structures of manifolds with appropriate curvature bounds. In this 

c^ ■ regard, manifolds with sectional curvature bounds have been better understood than 

^. those with Ricci curvature bounds. It is natural to try to apply the results and 

6p! methods in the former case to the latter. Hence we ask the following question: can 

one deform or "smooth" a metric with a Ricci curvature bound to a metric with a 
sectional curvature bound? In this paper we would like to address this question. 
^ ■ Previous work on smoothing mainly deals with metrics having already some sort 

j^ . of sectional curvature bounds. For example, one can smooth a metric with a sec- 

tional curvature bound to a metric with bounds on all the covariant derivatives of 
its Riemannian curvature tensor. Geometric applications of this smoothing result 
can be found in [CGI] and [CFG]. Its generalizations to weaker bounds on sectional 
curvatures can be found in e.g. [Ynl, Yn2]. So far, two main methods of smoothing 
have been applied. The works [BMR], [B], [S] and [Ynl, 2] , among others, use the 
Ricci flow, while [CG2] and [Ab] use an embedding method. The Ricci flow, as a heat 
flow type equation, tends to average out geometric quantities, and hence is a natural 
tool for smoothing. The embedding method employs an elmentary averaging process 
in a linear space in which a given Riemannian manifold is embedded isometrically. 
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The following is a precise formulation of the problem of smoothing Riemannian 
metrics with Ricci curvature bounds. 

Question: Given a positive integer n and any e > 0, does there exist a constant 
C{n,t) such that for any closed Riemannian manifold (M", g) with |Ric((7)| < 1 we 
can find another Riemannian metric ^ on M satisfying 
1) \g — g\ < e and 
2)\K{g)\<C{n,t)l 

By examples in [Al] among others, the answer to the question in this generality 
is actually negative. Consequently, additional geometric conditions are needed for 
smoothing metrics with Ricci curvature bounds. In this note we consider bounds on 
conjugate radius. 



Definition. We define for n >2 and tq > 

Min,,ro) = UM,g) 
where "conj" denotes the conjugate radius of M. 



(M, g) is a compact Riemannian manifold, 
dimM = n, |Ric| < 1 and conj > tq 



Recall that the conjugate radius of a manifold M can be defined to be the maximal 
radius r such that for every q G M, the exponential map exp^ has maximal rank in 
the open ball of radius r centered at the origin of the tangent space TgM. In order 
to understand the geometric content of bounds on conjugate radius, it is good to 
compare with bounds on injectivity radius. As is well-known, the corresponding 
space A^(n, ro) concerning injectivity radius (replacing conj by injectivity radius in 
the above definition; or equivalently , adding a lower bound on volume ||CG'I]| ) is C^'°' 



precompact [S^|. Hence the situation is quite simple. On the other hand, under a 



conjugate radius bound, manifolds can collapse, and the space A4{n, , tq) contains an 
abundance of geometric and topological structures. Note also that if Km < K then 
conj > -j=. This is the usual way of controlling conjugate radius. But we emphasize 
that conjugate radius is an important independent geometric invariant. 

It seems that Ricci flow is more convenient than the embedding method in our 
situation, so we choose it. We have 

Theorem 1.1 There exist T{n,ro) > and C(n,ro) > such that for any manifold 
{M,go) G ^A{n,,ro), the Ricci flow 

^ = -2mc{g), g{0) = go (1.1) 

has a unique smooth solution g{t) for < t < T{n,rQ) satisfying 

\9{t)-go\ < 4t, (1.2) 

\Rmigmoo < C{n,r^)t-^'\ (1.3) 

\Ric{g{t))U < 2. (1.4) 



Remark. Here the conjugate radius condition is only used in the following way: it 
implies that for every x E M the lifted metric on B.j.{rQ) C T^M has uniform L^'^ 
harmonic coordinates, see Sections 3 and 4. 



Using Theorem |1.1| , we are able to extend a number of results concerning manifolds 



with sectional curvature bounds to manifolds with Ricci curvature bounds. First, we 



have the following generalization of Gromov's almost flat manifold theorem |0l 



Theorem 1.2 There exists an t = e{n,rQ) > such that if a manifold M" has a 
metric with \RicM\ < 1, conj > vq and diam < e, then M is dijjeomorphic to an 
infranilmanifold. 

Next we have a generalization of Fukaya's fibration theorem 0. 

Theorem 1.3 There exists an e = e(n, ro,/u) > such that if M^ and N"^ (m < 
n) are compact manifolds with M" G M.{n,ro), \RicN\ < ^,injff > fi, and if the 
HausdorfJ distance dH{M,N) < e{n,rQ,fi), then there exists a fibration f : M ^ N 
such that 

1) The fibre of f is an almost flat manifold. 

2) f is an almost Riemannian submersion. 



Another result is an extension of the double soul theorem in | PZ]| (it can be used 



to derive a sphere theorem, see ||PZ]| for details). For a compact manifold M let 
ex(M) = min.pq max2:((i(p, x) + d{x, q) — d{p, q)). We have 

Theorem 1.4 There exists a positive constant e(n, tq, D) such that if M"' G Ai{n, vq) 
with dianiM < D and ex{M) < t, then either M is infranil or diffeomorphic to the 
union of two normal bundles over two embedded infranilmanfolds in M . 

Let MinVol(M) be the infimum of the volumes of all the complete Riemannian 
metrics on M with sectional curvature \K\ < 1. We can extend the gap result for 
minimal volume in dimension four in |[Rol|] . 



Theorem 1.5 There exists a real number t'(ro) > such that if a 4-manifold M has 
a metric with \RicM\ < 1, conj > tq and Vol < v{ro), then Min Vol{M) = 0. 

As an immediate corollary of Theorem |1.1| and Gromov's uniform betti number 
estimate |p2|| , we have that the betti numbers of manifolds in A4{n, tq) are uniformly 
bounded. Indeed, such a uniform bound still holds if the absolute Ricci curvature 



bound is replaced by a lower bound [^]. Note however that A^(n, tq) contains in- 
finitely many homotopy types. With Theorem |1.3| at disposal, we can also say some- 
thing about the higher homotopy groups, generalizing Rong's results |[Ro2|] . 



Theorem 1.6 For each D > and each q > 2, the q-th rational homotopy group 
TTq{M) ® Q has at most N{n,D,q) isomorphism classes for manifolds in A^(n, ro) 
with diamM < D. 



Concerning the fundamental group we have 

Theorem 1.7 For manifolds in Ai{n,rQ) with dianiM < D, 7Ti{M) has a normal 
nilpotent subgroup G such that 

1) The minimal number of generators for G is less than or equal to n, 

2) TTi{M)/G has at most N{n,rQ,D) isomorphic classes up to a possible normal Z2- 
extension. 



Now we would like to say a few words about the strategy of proving Theorem |Ll 
The Ricci flow exists at least for a very short time, and the main point is to show that 
it actually exists on a time interval of uniform size on which the desired estimates 
hold. A simple, but crucial idea is to lift the solution metrics to suitable domains of 
the tangent space via the initial exponential maps. The size of these domains can 
be made uniform by the virtue of the conjugate radius bound. Applying the results 

A2|| we obtain an initial L^ bounds on the sectional curvatures and an initial 



m 



bound on the Sobolev constant for the lifted metrics. The lifted metrics still satisfy 
the Ricci flow equation, but they are only defined locally and no a priori control 
near the boundary is given for them. We apply Moser's weak maximum principle to 
estimate the sectional curvatures of the lifted metrics in a way similar to [Ynl]. As 
in [Ynl], we need to control the L^ bound of the sectional curvatures of the lifted 
metrics along the flow. The subtlety here is how to handle the difficulty caused by 
lack of control near boundary. Fortunately we found a covering argument to resolve 
this problem. 



It may be possible to obtain part of the smoothing result of Theorem |1.1| by the 
embedding method. We plan to discuss this in more detail in |PW Y . 
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2 Moser's weak maximuin principle 

Let A^ be a compact ra-dimensional manifold with non-empty boundary, n > 3. For 
a given metric g on N the Sobolev constant Gs of g (or better, of the Riemannian 
manifold {N,g)) is defined to be the supremum of (/ \f\"^)^^ over all G^ functions 
f on N with / |V/p = 1, which vanish along dN. So for such / we have 

-. < C5IIV/II2. (2.1) 



Theorem 2.1 Let f,b be smooth nonnegative functions on N x [0,T] which satisfy 
the following: 

^<Af + bf onNx[0,T], (2.2) 



where A is the Laplace- Beltrami operator of the metric g{t), b is assumed to satisfy: 

2/q 



sup 

0<t<T 



{M <-^ 



for somen > n. Putl = max -S (norm measured in q it)) and Cq = max Csfgft)). 
J ^ o<t<T "9* CO ' yv ;/ ^ o<t<T ^^^ " 

Then, given po > 1, there exsits a constant C = C{n, q, po, (3, Cs, I, T, R) such that for 

any x in the interior of N and t G (0, T], 

|/(x,t)|<Crw / / fPo] , (2.3) 



JBr 

where R = ^distg(o){x,dN) and Br = Br{x) denotes the geodesic hall of radius R 
and center x defined in terms of the metric 5^(0). 

Proof. We follow closely [Ye], [Ynl]. Let 7y be a non-negative Lipscliitz function 
vanishing along ON . The partial differential inequality (|2.2|) implies for p > 2 



-g-J f'ri'dvt < I v'F-'^f dvt + I hf^Tj^dvt + -j Fv'g-/vt , 
where dvt is the volume form of g{t). Integration by parts yields 

Jv'f^-'Afdv, = -^^P^ I \V{vf^/')\'dvt + -J iVvl'fdv. 

-^^^lvivF^')f'^'Vvdv, 
p J 

where the gradient V refers to g{t). By Holder inequality 



+ 

~ p J ' " '" ' ' p 



q-2 
1 



bf^v'dvt < {jh^'Hvtf''(^j{f^ri')^^dv^ 

n — 2 f r% T n / -\ 71 f n n 

< I3{e-— j rr,^dvtf-l [e^-^ j{fW)~dvt 



n^ 



Therefore 



^l/^"'^n-^r""'"^^/|^<"^"'|^ 



-H/|v„iV'+ffl(i-V^ + ^' 

pj \ Q V , 



(The volume form is omitted.) 
Setting 



'np(3Cl 



(g-n){n-2) 



we obtain the following basic estimate: 



d 



Now given < r < r' < T, let 



^ri'. 



(2.4) 



0< t < r , 
m = { it-r)/iT'-T) T<t<r', 

1 t' <t<T . 

Multiplying ( |2.4| ) by ip, we obtain 

(^//V)+^/|V(r//^/')r<2^||Vr/|V" + (Ci^ + ^')//V- 
Integrating this with respect to t we get 

//V+/7 |V(r//^/^)P < 2|J| |Vr^|V^+(Ci + ;^) /^ / / V , r'<t<T. 
Applying this estimate and the Sobolev inequality we deduce 



di 



T / r \ 2/n 

Pr>2 



n-2 
pn 2n \ n 

-2 



\'<t<TJ ' Jt' J 



< cl 



nl+4 



P^2 



(2.5) 



2/;/iv.iv^+(c,+-^)/;/f 

For a given a; in the interior oi N, p > po and < r < T, we put 

i7(p, r, R)= r f /^ 

where B^ is the geodesic ball of center x and radius R measured in g{0). Choosing a 
suitable cut-off function rj ( and noticing {Vrjlt < iVr/loca'*) we derive from (|2.5| ) 



H{p{1 + -],t',R] <C 



Cl 



1 



2e 



IT 



t' -T {R - Rf 



1+: 



H{p,T,R!Y^-^ , (2.6) 



where < R < R' < distg(Q){x, dN). To proceed we set /x = 1 + |;, pk = PofJ''', Tk = 

(1 fft)^ and Rk = -|(1 H — ^72) with R = ]^distg{Q){x,dN). Then it follows from 

Tel) that 



H{pk+i,Tk+i,Rk+if''"^+^< 









/i 



H 1/Pfc 



/i-1 t /?2 (;y^_l)2^ 



fi''/P^H{pk,Tk,RkY/^'' ■ 



Hence 



C 



Em 2 

ft=0 Pfc + i 



C^i + 



/^^ 



- + 



4e' 



iT 



/^ 



fI-1 t i?2 (y^_l)2 

Letting m ^ cxd we conclude 



Em J_ 
fc=0 Pfe Y^m fe 



n,+2 







1/po 



Bfl 



3 Bounding curvature tensor 

Let (M, (^o) £ ■M.{n,rQ) for some n, tq. Consider the Ricci flow on M with initial 
metric go- It is well-known that the Riemann curvature tensor Rm satisfies the 
following evolution equation along the Ricci flow pi: 



dRm 



ARm + Q{Rm) 



where Q{Rm) is a tensor that is quadratic in Rm. From this it follows that 

d 



dt 



\Rm\ < A\Rm\ + c(n)\Rm\ . 



(3.1) 



(3.2) 



In order to apply Moser's weak maximum principle we need bounds on 

maxo<i<T||-Rm||p(,, 
maxo<i<T Cs, 
maxo<i<T \Ric\. 

We are going to employ suitable evolution equations associated with the Ricci flow 
such as (3.1) and (3.2) to derive these bounds from the initial bounds (i.e. bounds at 



t = 0). The basic logic of the argument goes as follows. By smoothness of the Ricci 
flow, the initial bounds can at least be extended to a very short time interval. We 
then derive a uniform estimate for the length of the maximal interval of extension. 

To get initial bounds we actually have to pull the metric up to the tangent spaces. 
For any fixed x G M, we lift the metric go by the exponential map to ^^(0) on 
Br^{x) CT^M. Then 

|RicB;J <1, ^^Jb,„/2 >ro/2. 

By [|A2|| , the metric gx{0) also comes with the following uniform bounds: 



ll^"^llpo,B.o/2(^) - ^(^'^o,Po), for all 1 < po < oo, 
CsiBro/2ix)) < xin,ro). 

This furnishes us with the required initial bounds. 

Let gx{t) be the lifted Ricci flow on BrQ/2{x). Choose po > n/2 + 1, e.g. po = n + 2. 
Then we have 

Proposition 3.1 Let [0,Tmax) be a maximal time interval on which the Ricci flow 
g{t) has a smooth solution such that each lifted Ricci flow gx{t) on Bro/2{x) satisfy s 
the following estimates: 

\\Rm{~gxm\p,,B^^^,ix) < 2K{n,ro,Po), (3.3) 

iRicig^m < 2, (3.4) 

CsiUt)) < 2x(n,ro). (3.5) 

Then T^ax > T(n,ro,Po) for some T{n,ro,po) > 0. 

The proof of this proposition requires four lemmas. Set K = K{n,rQ,pQ). 

Lemma 3.2 For < t < T^i^^ there holds 

\\Rm{Ut))\\oo < C{n,po,x,K)t ^-o . (3.6) 



This follows immediately from Moser's weak maximum principle Theorem [O 
Lemma 3.3 For < t < Tmax there holds 

Lemma 3.4 For < t < Tmax there holds 

2pQ — n — 2 

\Ricigit))\ < eC^("'Po,i^,x)t ^^0 _ ^3 g^ 



Lemma 3.5 For < t < T^ax there holds 



2pQ—n — 2 

maxCsiUt)) < xe^("'P-^'^)*^^. (3.9) 

xGM 



The proof of Lemmas |3.3| - |3.5| is presented in the next section. Granting the lemmas 
the proof of Proposition ^]l| can be seen as follows. First of all we quote the following 
theorem of Hamilton [^ : 

Theorem 3.6 Let g{t), < t < T be a (smooth) solution to the Ricci flow ( \1.1\ ) on 
a compact manifold M. If the sectional curvatures of g(t) remain bounded as t ^ T, 
then the solution extends smoothly beyond T. 

By ( ^?7D , ( |3.8|) , ( p^) there exists T{n, ro,po) > such that if t < min(T(n, ro,po)? ^max) 
then strict inequalities hold in (|3.3| ), (|3^), ( p.5|) . Consequently, if Tmax < T{n,ro,po), 
by (p.6|) and Hamilton's theorem, the solution to the Ricci flow can be extended be- 
yond Tmax with (p.3|), (p.4|), ( pl5| ) still holding, contradicting the maximality of Tmax- 



Proof of Theorem \1.J\ . Theorem |L1| follows immediately from Proposition |3.1| and 



"M if we let po = n + 2. 



4 Proof of the three basic leramas 

Proof of Lemma [J.^] . By ( p.l|) and the bounds implied by the definition of Tmax, "we 
can apply (P^) with p = Pq to deduce 



— f |i?m|V<2/ \Vri\'^\Rmf + Ci{n,po,K,x)[ |i?m|V-(4.1) 

at JB,g/2{x) ■^Bro/2(^) -'Bro/2(a^) 

We choose r] so that the following is true. 

— f \Rm\P < (2 + Ci) [ \Rm\P. (4.2) 

Now cover the ball 5^0/2(2^) by balls 5^0/4 (y*) with jji G -8^0/2 (a^)- By the following 
proposition of Gromov the number of covering is uniformly bounded. 

Proposition 4.1 (Gromov) (see jQ, Proposition 3.11]) Let the Ricci curvature of 
M" satisfy RicM" > {n — 1)H. Then given r, e > and p G M", there exists a 
covering, Bp{r) C Uf^i?p.(e), {pi in Bp{r)) with N < Ni{n,Hr'^,r/e). Moreover, the 
multiplicity of this covering is at most N2{n, Hr'^). 



Therefore Br,/2{x) C [Ji Br^/M) with N < N{n,ro). 
Let Hi = exp^yi. We now construct a map 

exp^/ oexp^ : Bro/iiVi) C T^M -^ Bro/iiVi) C TyM. (4.3) 

For any y G Brg/i^yi) connect it with the center fji by the unique minimal geodesic. 
This projects down to a geodesic on M which can then be hfted to a geodesic 
in 5^0/4(2/2) ■ The end point of this geodesic gives the image of y. Thus defined, 
exp~^ o exp^ is one to one and an isometry. It follows then 



d_ 
di 



\Rm\P = I \Rmf. 

This combines with ( |4.2| ) implies 

/ \Rm\f < (2 + Ci)N max f \Rm\P. 

Integrating this, we obtain 

[\Rm{g,)\^< f \Rm{g,)\P + {2 + C,)Ntmax f\Rm{gy)\ 
Jt Jt=o y&M J 

Therefore 

{l-{2 + Ci)Nt)max f\Rm{gy)\^< f \Rm{g^)\' < K, 
s/eM J Jt=o 

and this implies 



Proof of Lemma ^^. Note that for Ricci curvature we do the estimate directly, 
without passing to the tangent space. 

Recall that the Ricci curvature tensor satisfies the following evolution equation 

0- 

d 

— Ric = ARic + 2i?m(Ric) - 2Ric • Ric. 

ot 

Let (pit) = maXa;gA/ |Ric((7(t))|, then 

-ifit)<cin)\Rmigm^it)- 
Using (|3.6| ), together with 99(0) < 1 and integrating with respect to t gives 

n+2 2pQ—n — 2 

'Pit) < e/o ^("'PO'^'^)"'^'^" = e^i^F^^^^'Po-^'^)*^^"^. 
This implies ( |378|) . ■ 
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Proof of Lemma \3. 5|. For u G C°°{BrQ/2{x)) and vanishing on the boundary, define 



Et[u] 



\U\\ 2n 



IJj- 



IVmIU 



Then a straightforward computation shows that 

-Et[u] < c{n)\\Ric{UmooEt[u] 
Integrating this gives 

2pQ — n — 2 

which is (W^ 



5 Applications 

By Theorem |TTI|, the deformed metric g{t) has uniform sectional curvature bound 
(away from t = 0) and g{t) is close to 5^(0). To apply the results with sectional curva- 
ture bounds to g(t), we need to show that other geometric quantities like diameter, 
volume and excess are also under control. We first prove the following lemma. 



Lemma 5.1 Let g{t) he the Ricci flow in Theorem, |i. j| . Then for < t < T(n, tq), 



e ^*dzam(0) < diam(t) < e^*c?zam(0), (5.1) 

e-^"*TO/(0) < vol{t) < e^"*w/(0), (5.2) 

ex{t) < e^^ex{0) + (e^* - e'^^) diam{0) , (5.3) 

where e.g. diam(t) means diam(g(t)). 

Proof. For the estimate on the diameter we consider the evolution of the length 
functional. Thus fix a curve c and let lc{t) denote its length in the metric g{t). Then 

-2/,(t)<^<2/,(t), (5.4) 

from which we obtain e'^*/c(0) < lc{t) < e^*/c(0). This gives 

e-'*rfp,g(0) < rfp,,(t) < e2*rfp,,(0), (5.5) 

where dp^q{t) denote the distance between p and q in the metric g{t) for p, q in M, 
in particularly (p.l|). 
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For the volume let uj{t) denote the volume form (or density if M is not orientable) 
oi g(t). Consider A(t) = Lj(t)/uj{0). One computes 

Then 

-AnA{t) < ^^ < 4nA{t). 

Hence e^^"* ^ A{t) < e^"* and the volume estimate follows, 
follows from (l5l 



Proof of Theorem \1.2^ . Let g{t) be the unique solution to ( |1 . 1|) with the given metric 
as the initial data. By ( tL.3|) , for < t < Tin^ro), 

\K{t)\<C{n,rQ)t-^'^ (5.6) 

If eo(n) is the small constant in the original Gromov's almost flat manifold theorem 

/ ^ , xjl/2 \ 1/2 

Ip, we choose to = ^'(n, Tq), e = diam(O) < '^";\%to . Then from (|0| ) and 



C(n,ro)e**0 

( ^^ |if (to)-D^(to)| < ^oiji). Applying Gromov's almost fiat manifold theorem to 
(7 (to) gives Theorem |L 



Proof of Theorem [j~^ . Consider the Ricci flows guif)^ QNit) on M and N respectively, 
starting with the given metrics. Then 

\KM{t)\ < C{n,ro)t-^'\ \KM{t)\ < C{m,^i)t-^'\ 

for < t < T(ra, tq) and < t < T{m, fi) respectively. Let T = min(T(n, vq), T{m, /i)), 
and C = max(C(ra,ro), C{m,fi)). Rescale the metrics 

hM{t) = cr^'^guit), hNit) = cr^'^gNit) 

so that with respect to hM{t), ^Af(t), where < t < T, 

\Km\ < 1, \Kn\ < 1. (5.7) 

Since inj^ > /i for the initial metric on A^, we have Cs{gN{0)) < x("^?/^) and 
therefore by ( p3| ) 

C5(/i^(t)) = Cs{gN{t)) < 2Cs{gNm < 2x(m,^), 
for < t < T. By fCUTJ 



for all < t < T. 
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Now for < t < T, 

du {M{h{t)), N{h{t))) = Ct-^l^dH{M{g{t)), N{g{t))) 

< Cr'/' [dH{Mig{t)), M(^(0))) + dniMigiO)), iV(^(0))) + dniNigiO)), Nigit)))] 

< Ct-'/'[8t + dH{Mig{0)),N{g{0m. 

Let A(n) be the small constant in the refined fibration theorem (cf. ||C1:''G| , The- 
orem 2.6]). We choose to < min{T, (^^i%^^)^}, e = dH{M{g{0)),N{g{0))) < 
i j^ Mi(n.M)A(n)t.V^ \ ^^^^ d^M (h^o)) ,N ^0))) < ^^^y Applying Theorem 2.6 in ^F^ 

finishes the proof. I 



With ( |5.1| ) and ( p.3| ) the proof of Theorem |I]^ is quite similar. We observe that the 



original statement in ||PZ1 , Theorem 2.1] can be restated as that there exists an e(n) 
such that if M" is a compact manifold satisfying \Km\ < 1, ex{M)/diam{M) < e{n), 
then either M is infranil or diffeomorphic to the union of two normal bundles over 
two embedded infranilmanfolds in M. We then follow the above argument. 

It should be pointed out that Theorem |1.4| implies a sphere theorem by some 



purely topological argument, see |PZ for details 



Theorem |1.5| follows from Theorem 1.1, ( |5.2| ) and Corollary 0.4 in [[Rol 



Theorem |1.6| and |1.7| can be proved by using Theorem |L^ as in ||Ro2 . 
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